Abstract. In this note, we prove that for every two positive integers m ≥ n ≥ 9, there exist n positive rational numbers whose product is 1 and sum is m.
Introduction
Bondarenko [1] proved that for every two positive integers m ≥ n ≥ 12, there exist n positive rational numbers whose product is 1 and sum is m. The key point of the proof in [1] is Lagrange's four square theorem. In this note, we will improve this result to m ≥ n ≥ 9 by using Legendre's three square theorem. Also we will show that for every positive integer 5 ≤ m ≤ 100, there exist 5 positive rational numbers whose product is 1 and sum is m. Let A n (n ∈ N) be {s ∈ N | ∃a 1 , · · · , a n ∈ Q >0 n i=1 a i = 1, n i=1 a i = s}. Then n ∈ A n for every n ∈ N, and 2 + ] and Lemma 2.1, 5, 6, 10, 14, 30 ∈ A 3 . Denote [n] r if r ∈ A n . It is easy to see that r 1 ∈ A n 1 and r 2 ∈ A n 2 imply r 1 + r 2 ∈ A n 1 +n 2 , so we can define [
Theorem 2.2. For every positive integer n ≥ 9, A n = {k ∈ N | k ≥ n}. Proof. Suppose that A 9 = {k ∈ N | k ≥ 9}. Then for every m ≥ n ≥ 9, there exist 9 positive rational numbers b 1 , · · · , b 9 whose product is 1 and sum is m − n + 9. In this case,
satisfies a 1 · · · a n = 1 and
Thus it is enough to show that
For every non-negative integer a, {x, y, z, m} = 2, a 2 + a + 1, a 2 − a + 1, a 2 + 5 and
are solutions of the equation Table 1 shows that if 9 ≤ m ≤ 14 or m ∈ {22, 30, 38, 43, 46}, then m ∈ A 9 . 
It is easy to see that n ∈ A 4 implies n + 1 ∈ A 5 . The list of elements of A 4 up to 100
(possibly not complete) is given in 9.9.2 of [4] . From this, we obtain that if a positive integer 5 ≤ n ≤ 100 satisfies n / ∈ A 5 , then n is one of the 9, 17, 25, Table 2 shows that all of these integers are elements of A 5 . Thus every positive integer 5 ≤ n ≤ 100 is an element of A 5 . This result supports the following conjecture. 
